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The gradient of
tangent is f(a)
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BASIC DIFFERENTIATION RULES

Rule Example

CONSTANT RULE:
d

POWER RULE:
2 x™y = nx™
e (x = nx

1

CONSTANT MULTIPLE RULE:
d
R ef(X] = cf'(x)

SUM RULE:
L@ +g9@)] = f1(x) + g'(x)

DIFFERENCE RULE:
L@ — g@®] = f'(x) — g'(x)




LritTrerencilacioonNn OorT 1irigonommeccltry mrunccions

d({(sin x)

— COS X
o
d{(cos x a
C ) — — S1I11 X
adoxc
cd{tan x
C ¥ e o
o
cd(cot x
¢ ) — _ cosec?Z x
dox

d(sec x)
clx

d(cosec x)
cd>x

— —CcoOosecC x colt Xx




DiTTterentiation or Log and eExponential Function

d(e™)
dx o

X

e

d(n(x)) 1

dx 3
d [ a™) _ x
= [ log a
d(x™) P
= X (1 + Inx)
d(log,, x) - 1 ¢ g 8
dx X In a









Differentiation

1. %[cu]:




Chain Rule

If fand g are both differentiable and F(x) is the composite function defined

by F(x) = flglx)) then Fis differentiable and F " is given by the product

F'lx) =f"lg(x)) g'x)

Differentiate Differentiate
outer function inner function




f'(x)=(ln(@))'— 1 x2-1) = Xl 2%

x* -] 2]

- keep the mside  multiply by
- take derivative  derivative of
of outside the nside



(Fe)" () o

flot))  f(90))g' (o)



Taking Derivatives Using The Chain Rule

F(x) = (x2 + 1)V

The Chain Rule
[F(a(x))] = f'(9(x))-g'(x)

F'(x) =

x2+1



Because f(x) = (5x"+ 3x— 1)

£ =% 6>+ 35— 1) (10x + 3
__ 10x+3
15:=+3:r- 1

: 10-2+ 3
)=
f@ 25{2]‘+3-2—1

__23
2,/25
23

—
—— ol |
I




flx)=vx+3
f(x)=(x+3)"* Rewrite as an exponent

f '(x)=%(x4'3]{m-l :'%[x-lﬁ] Apply the chain rule

f '(x)=%(x+3]'m(l] Differentiate

, 1 : :
J il B — Rewrite to remove the negative exponent

2vx+3




J(x)=

3x+ 3

= B3x+3)"!

F'(x)=-33x+3)"

. 3
J'(x)= Gt 3)]




If f(2)=4, f'(2)=1, then lim =

X—>2 X —2
Given f(2)=4,(2)=1
i 8200 . 6@-210)+20-210) _ . x-2(@) | 2(0-2f)
X—2 X -2 X—2 X -2 X2 X —2 X—2 X -2

= 1(2)-2 lim f(x)_;(z) - f(2)-2f'(2)=4-20)=4-2=2

X—2 X -




@) =3,7(@) = -2,0@) = ~L /) = 4, then lim SXSD=IDLO),

(@ -5 (b) 10 () —10

i 9001(@ — g@f()

. We add and subtract g(a)f(a) in numerator
X—a X—a

i 900f(@ - @@+ 9@f@ - @) _ . f(a){ 9x) - of )} - g(a)[ﬂx) f(a)}

a

X—a X —a X—a

9(x) - g(a)} f(x) - (@)

X—a X—a

f(a) Iim{

X—>a

—g(a) lim {

X—a

:| f(@g'(@)—g@f'(a) [by using first principle formula]

=34 - (-1)(-2) =12-2=10




If 5f(x)+ 3f(£] =X+2 and Yy = Xf(X) then (d_)/j is equal to
X dx . _,

5f(x)+ 3f(£] =Xx+2 . (i)

X

lacing x by l in (i), 5f(1] +3f(x) = l +2 (i)
X X




(i)

U .
—sinhx =cos h x

dx

(i) 9 tan hx = sec h2x
dx

(v) isechx =—sechxtan h x
dx

(vii) 9 Ginhix =1/ L+ x°)

(ii) =~ coshx =sinhx
dx

(iv) 9 cothx = —cosec hx
dx

(vi) di cosec h x =—cosec h x cot h x
X

(viii) 9 coshix =1/ (x* -1)

—



The derivative of f(X) 5 X| Sat x =0 is [Rajasthan PET 2001; Harya
(@) o (b) 1 (c) - ot define

3 > 2 >
f(x)={x - X200 f’(x)={3x  X20

~x3 . x<0 ~3x% . x<0

f(0%) = f'(07) =0




The first derivative of the function (SIn2x C0s 2x cos 3X + log 2X+3) with respect to xat X =7 is _

(@) 2 (b) -1 () —-2+2"log, 2 d) —2+log, 2

f(x) = sin 2x.cos 2x.cos 3x + log, 2™, f(x) = %sin4x cos3x +(x +3)log, 2, f(x)= %[sin?x +sinX]+ X +3
Differentiate w.r.t, x,

f'(x) = iU cos7x +cosx]+1, f'(x)= %7cos7x +%cosx +1, f(r)=-2+1=-1.




: d 2
If y g cosx| +| sinx| then Y oax=L s
dx 3

(a) # (b) o (o) %(\/5 ~1) (d) None of these
27 : )
Around X = | COsS X| =—C0S X and| SIN X| = Sin X
: dy .
. Yy =-C0SX+SiNX . —==SsinX+COSX

dx




X2 +1 x? -1 eXx2—1

X2 -4

314 3/4
Lety =| log ex(x—_zj =loge” + Iog(x—_z]
X+2 X+2

= y=X +%[Iog(x - 2)-log(x +2)] =

() 1 (b)

d_y=1+§ - =1+ 3
dx 41x-2 x+2 (x* —4)




If f(x)=Ilog, (logx), then f'(X) at X =€ is _

i—ilog(logx) i—O 1
— f'(X) — X X ) m— f’(e) _ € =
(log x) 1

f (x) = log, (log X) = '09:(()'09 X)




If f(X)= log x|, then for X =1, 1 EX! equals

1 1 -1
(a) = (b) — (c) — (d) None of these
X | x| X
T
“logx, if0<x<1 -—, M0<x<l1
f(x) 4 log X |= | - = f'(x) =1 i(
ogx,  Mx=l = ifx>1
X

Clearly f'17)=-1 and f'(1") =1, .. f'(X) does not existat X =1



If X =exp {tan 1[y - X j} dy -y SAFALTA

then — equals
X 2 dx :
(@) 2x[1+ tan (log x)] + x sec *(log x) (b) x[L+tan (log x)] + sec * (log X)
() 2x[1+ tan (log x)] + x* sec (log x) (d) 2x[1 + tan (log x)] + sec * (log x)
2 2
x:exp{tanl[y_zx ]> = Iogx=tan1£y 2X ]
X X
_x? 2
- J ZX —tan(logx) = y = x*tan(logx)+ x* = j—y _ 2x..tan(log X) + x2 . > (09 %) , oy
X X X
0y, tan(log x) + x sec?(log X) + 2x = j_y = 2x[1 + tan(log x)] + x sec” (log x)..
X X



_ sec-! \/;+1 _1\/_ 1 ) d_y_
e (J_—lj [\/_+1J v

1 (d) None of these




d _1] COSX —SIn X
—tan 1{ }

dx COS X +SIn X
1 1
(a) 20+ x7) (b) L (c) l (d) — 1

X —SIn X
itan‘1 =00 S_ }zitan‘1 tan(z—xj =-1.
0S X +SIn X dx




13 dx

a 1 (b) -1 (¢ 0 (d) None of these

5 : 12 1 : :
Let COSa=E.Then Slna=E.So, y =C€0S {COSa.COSX —Sina.sin x}

.y = C0S _1{COS(X +a)}=X+a (.0 X+« isin the first or the second quadrant)




dx

(a) secx (b) sin X (c) tanx (d) cosecx

d i 1 d y 1 Sec x tan X
We know that — cosh™ X = . —cosh ™ (sec x) = SeC X tan X - = SECX .

dx x2_1 Ox Jsec 2 x -1 tan




d |( tan® 2x —tan? x
> > cot3x
dx [ 1-tan® 2xtan® x

(a) tan2xtanx (b) tan 3x tan x (c) sec’x (d) secxtanx

tan® 2x —tan® x  (tan 2x —tan x) (tan 2x + tan x)
1—tan? 2xtan? x  (L+tan 2xtan x) (L — tan 2x tan x)

Let Yy = =tan(2x — x)tan(2x + x) = tan x tan 3x .

i[y.cot3x] = i[tan x] = sec® x..
dx dx




X —x7"
If f(x)=cot = > , then f'(1) is equal to

(a) -1 (b) 1 (c) log 2 (d) -log2

tan% -1
2tan 60

Put X =tand, .. y=f(x)=cot 1( J _ cot (- cot 20) - 7 —cot™(cot26)

X*@+logx) = f'(1)=-1.



Y=L ) 1117 e B a0 ¥ SAFALTA ...
X

(a) 1 (b) -1 (c) 0 (d) None of these

2n+1

y 1-x 1-X

2n+1

_on+l y2"to1 . N _ N+l _
dy:: 27X 1-x)+1-x ,.zAtx=O,dy: 270.1+1 O:

" (1 — x)? dx 12

1.




. d
If xe™ =y +sin®x , thenat X =0, .

dx

@ -1 (b) -2 (c) 1

We are given that Xe" =y + Sin‘ X

When X =0, weget Y =0

d d :
th sides w.r.t. x we get, eV +xe x—y+y :—y+23|nxcosx

dx dx




If sin(X +y) =log(X +Y), then g_y = [Karnataka CET 1993; Rajasthan PET 1989, 1992; Rq ‘4 SAFALTA
X

(a) 2 (b) -2 (¢) 1 (d) -1
sin(x +Yy) = log(x + V)

Differentiating with respect to x, COS(X +Y) {1 + dy } - 1 {1 n dy}

dx | X+y
{cos(x+y)— L Ml+d—y}:0
X+Y dx

COS(X +Y) # for any xand y. So, 1+ — dy =0, dy =-1.
X +Y dx dx
coS(X +VY)— :
Trick: It is an implicit function, so d—y == aiaC = — 2 Iy =-1.
o oIt COS(X +Y)—

X+Y



£ In(x+Y)=2xy, then y'(0)

| =2xy, (0)- _
@) | (b) -1 ©) 2

(L +dy d 2( J ] by _L-2y -2y 21 ax=0, y=1,

In(x +y)=2xy = X——+Y

- = y(0)=

(X +Y) dx  2x%+ 2%y -1 -1




: d |
If y=(sin X)tan ¥ then d_y is equal to [1IT 1994; Rajastha ~'“f C'»‘AFAI_TA
X
() (sin x)®™*.(L+sec” x. log sin x) (b) tan x.(sin x)®™"** . cos x
(c) (sinx)®"* ., sec” x log sin (d) tan x.(sin x)*"*
tan x

Given Y =(SINX)
logy =tan x.log sinx

1 d :
Differentiating w.r.t. x, —.—y =tan x.cot X +log sin x.. Sec’ X

y dx

d—y:(sin X)

dx

X1 +log sin x . sec’ x].



(i) lfy:\/f(x)+\/f(x)+Jf(x)+ ....... oo,theny:\/f(x)+y:>y2:f(x)+y

O s W B_f)
dx dx dx 2y-1

then y = f(x)’
.. logy =ylog f(x)

lay Y-f'(X)+|Og f(x) dy . ay y*f'(x)
ydx  f(x) dx - dx fO[L-ylog f(x)]
1 dy  yf(x)
i) Ify=f hen — =
(i) 1f y = T(x) + N [ then — V100



[Rajasthan PET 2002]




]F y : XXX ..... then X( y Ioge )d_y is _
dx

(a) X (b) y° © Xy (d) None of these
: R 1dy ay (1 ay _y dy
Solution: (b) y =X = y=x’ = log, y =y log, x y o x +log, x& = (y—loge jd_x:; = X(-Yylog, X)d_x=y2




IfFy=x*+ 1 then =
? 1 dx
X2+
Wy
X+ oo 0
2X X X 2X
0 b © — O —
y y y=X 2+—
y
Solution: (a) y: X2+l = y2 :X2y+1 = zyd_y:y-2X+X2d_y = dy — zxy2
dx dx  dx 2y-x




Differentiation of Integral Function:- _

j“’z‘ (bt = g, (0195 (x) - flo,()]a,(x) - fla, (x)]—g () — f[gl(x)] 5,00

91 (X)




3

IF E(x) = j logtdt(x >0), then F'(x)-

X

Y SAFALTA

(a) (9x2—4x)logx (b) (4x—9x2)logx (c) (9x2+4x)logx (d) None of these

F'(x) = (log x)3x = (log x *)2x

- (3logx)3x° —2x(2logx) = 9x“ logx —4xlogx = (9x* —4x)logx.







3.9 Differentiation of Determinants _f SAFALTA

a;(x) by (x)
a,(X) b,(x)

a
Let A(x) = .Then A'(x) =

If we write A(x) = | C;C,C,|. Then A(x)4 C;C,C,| +| C,C, C,| +| C, C, Ci]
R, R| R [R,

Similarly, if A(x)= |R,|, then A'(X)=|[R,|+|R}|+R,
R, Rs| [Rs] [R;

Thus, to differentiate a determinant, we differentiate one row (or column) at a time, keeping others unchanged.



3

[f(X)] at X =0 s [T 199

Let f(X)=| 6 -1 O | where pis a constant. Then e

X
1 p® p°

(@) p (b) p+p () p+p (d) Independent of p

x® sinx cosx

fx)=[6 -1 0
2 3




d3 3 3
—3x3 —-sinx ——cosx
dx dx dx
d3
L —fX) =
dx 3 6 -1 0
1 p’? p°
n . n : . nﬂ: n n7z-
We know that X" =nl, sinx =sin(x + —) and COSX =CoS(X + —)
dx" dx" 2 dx" 2
: 37 37
3! sinf Xx+—| coS X +—
3 2 2

d
——f(x)=| 6




If v and vare two functions of x such that their nth derivative exist then

D"(uv.) ="Cy(D"uyv +"C, D" u.Dv +"C, D" 2u.DV +........... +"C,D""uDV +....... +u.(D").
If y = x“e”, then value of y . is
() {x*-2nx+n(n-1)}e* (b) {x*+2nx+nn-1}e*
() {x°+2nx-n(n-1}e* (d) None of these

Aonhine Leibnitz's thearem by taking: %> as second fumction; We et, D"y =D" e x?
PPIyIng Y g g y

- "C,D"e")x* +"C,D"*(e*).D(x*)+"C,D"*(€*).D* (X*) + core. . X x2+ne*2x + n(nz:l)ex.2+0+0+ ..........

X




2X

The differential coefficient of tan ™ > Wt sin™ > s ‘4 SAFALTA
1-x 1+x
[Roorkee 1966; BIT Mesra 1996; Karnataka CET 1994; MP PET 1999; UPSEAT 1999, 2001]
(a) 1 (b) -1 (c) 0 (d) None of these
1 . 1 2X
Let y, = tan and Y, =SIn
1-x° 1+x°

Putting x = tan®/

Ly, =tan " tan 20=20=2tan"" X and y, =sin""sin 26 = 2tan " x

_dy, d 1 2 :

A = 2tan xl=—
S X dx[ ] 1+x° 0
de d 1 .

d = 2tan xl=———
™ dx dx[ ! 1+x° (i)

dy

Hence —= =1

dy,



The first derivative of the function [cos‘{sin 1;_ & ] + XX:I with respect to x at x =1 is
3 1 1
— b) o — d ——
@ 3 (b) © 3 =

/ 1
f(x) = cos | cos g 25X fxX =2 =R
2 2 2 2

1 1 1 3




If, f(x)= x—2| and g(x)= f(f(x)), then for x-20, g'(X) equals
@) - (b) 1 (c) 0

|!\ Ilone 0| mese

f(X)g x-2|=x-2 and, g(x)=f(f(x))=f(x-2)=x-2-2=x-4
L g'(x)=1

For x> 20, we have




If X—eerey """"" ° then d—y is
dx
1+x 1 1-x
@) — b = @ —
X X X
Xx=e’"
: : dy 1 dy 1 1-x
Taking log both sides, log X =(y+x)loge=y+x = y+x=logx > —+1l=— = —=—-1=—1r
dx X dx X X




(6) Differentiation by inverse trigonometrical substitution: For trigonometrical substitutions following formulae and substitution
should be remembered

@) sin X +cosx =7/2 (i) tan "t x +cot™ x =7/2

(iii) sec™t x +cosec 'x =xz/2 (iv) sintx +sin™'y = sinl[x\/l—y2 +y+/1 - xz}

(v) cos™ X £Cos ™y = cos‘l[xy (L~ XZ)(l—yz)} (vi) tantx+tan"'y =tan 1{ Xty }

1F xy
(vi) 2sin™" X = sin ' (2xv1—x?) (viii) 2cos™ x =cosH(2x* —1)
oy

(ix) 2tan " X = tanl( 2X 2j:sinl( 2X 2] ~cos | 2 X2

1-xX 1+X 1+ X
(x) 3sin™ x =sin(3x —4x°) (xi) 3c0s™ x =cosH(4x° —3x)

J— 3 J—

(xi)) 3tan " x = tan {SX X2 ] (xiii) tan " x +tan "y +tan 'z = tan 1[ AR . L )

1 3x 1— Xy —yz - X
(xiv) Sin "' (=x) = —sin " X (xv) COS ' (—X)=7 —CoS " X

1-X
xvi) tan ' (=x) = —tan " X or 7 —tan " X (xvii) 2 —tan"t x = tan ‘{—j
4 14X



X =asin@fer acosd

X =asecdlor acosecd

X = atan 6

X =acos 260

X oS 26 X =asin’ @

X =asin’ @

2:a2
2 2
X=asec d-btan“ 0

X =aC0s’ 0 +bsin’ 4




‘ =y SAFALTA

=sinx*+cosxtanx




=y SAFALTA

y=m" [% m + n'log(m)]



TRICK NO.2




dx\—7log(x) + 10

JELCLTN - SAFALTAGo:




(ad — bo)f (x)
(cf(x) + d)?



d (2 + 30sin(x)
dx( sin(x) — 7 )




d (3x*—2x+1
dx\ x24+x-1







: Y SAALTA e

X+ 2sinx + 1
sin’x + sinx — 1

d /(3sin
dx




xm n
y —
(x i y)m+n










