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                        Arbitrary constant : 

                                      A constant which remains same in a particular operation, 

                                       but changes with the change of reference, is called arbitrary constant  

                                       e.g. cmxy   represents a line. Here m and c are constants,  

                                      but they are different for different lines. Therefore, m and c are arbitrary constants. 



(1) Open interval : Let a and b be two real numbers such that 

a<b, then the set of all real numbers lying strictly between a 

and b is called an open interval and is denoted by ]a, b[ or (a, 

b). Thus, ]a, b[    or             

 (a, b) = }:{ bxaRx   

 

 

(2) Closed interval : Let a and b be two real numbers such that 

a<b, then the set of all real numbers lying between a and b 

including a and b is called a closed interval and is denoted 

by [a, b]. Thus, [a, b] = }:{ bxaRx   

 

(3) Open-Closed interval : It is denoted by ]a, b] or (a, b] and ]a, 

b]  or (a, b] = }:{ bxaRx   

 

 

 

(4) Closed-Open interval : It is denoted by [a, b[ or [a, b) and 

 [a, b[ or [a, b) = }:{ bxaRx   

 

Open interval 

) ( 
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a<x<b 

a ] [ 
b 

bxa   

a 

Closed interval 

) [ 
b 

bxa   
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Closed open interval 

] ( 
b 

bxa   

a 

Open closed interval 









Testing for a function by vertical line test :  

A relation BAf :  is a function or not it can be checked by a graph of the relation. 

 If it is possible to draw a vertical line which cuts the given curve at more than  

one point then the given relation is not a function and when this vertical 

 line means line parallel to Y-axis cuts the curve at only one point then it is a function. 

 Figure (iii) and (iv) represents a function.  



Number of functions : 

            Let X and Y be two finite sets having m and n elements respectively.  

           Then each element of set X can be associated to any one of n elements of set Y.  

           So, total number of functions from set X to set Y is mn . 



If A contains 10 elements then total number of functions defined from A to A is  [UPSEAT 1992] 

 (a) 10 (b) 102   

                           (c) 1010  (d) 1210   



If ,log)( yyf  then 
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)(  is equal to    [Rajasthan PET 1996] 

    (a) 2 (b) 1  

                           (c) 0 (d) – 1 



Given yyf log)(   

)/1(log)/1( yyf  ,  
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                                         [MP PET 1999; Rajasthan PET 1999; UPSEAT 2003] 

 (a) 
2)]([ xf  (b) 

3)]([ xf   

                           (c) )(2 xf  (d) )(3 xf  
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Domain, Co-domain and Range of Function. 
  If a function f is defined from a set of A to set B then for BAf :   

       set A is called the domain of function f and set B is called the co-domain of function f.  

      The set of all f-images of the elements of A is called the range of function f.  

In other words, we can say  Domain = All possible values of x for which f(x) exists. 

        Range   = For all values of x, all possible values of f(x).  









 Domain  

(a) Expression under even root (i.e., square root, fourth root etc.)  0 

(b) Denominator  0. 

(c) If domain of )(xfy   and )(xgy   are 1D  and 2D  respectively 

      then the domain of )()( xgxf   or )().( xgxf  is .21 DD   

(d) While domain of 
)(

)(

xg

xf
 is }.0)({21  xgDD  

Domain of   }0)(:{)( 1  xfxDxf  



(i) Range : Range of )(xfy   is collection of all outputs  

 )(xf  corresponding to each real number in the domain. 

(a) If domain  finite number of points  range  set of corresponding )(xf  values. 

(b) If domain  R or R – [some finite points]. Then express x in terms of y.  

      From this find y for x to be defined (i.e., find the values of y for which x exists). 

If domain  a finite interval, find the least and greatest value for range using monotonicity 



Domain of the function 

1

1

2 x

 is  [Roorkee 1987; Rajasthan PET 2000] 

 (a) ),1()1,(   (b) ),1(]1,(    

                           (c) ),1[)1,(   (d) None of these 

For domain, 012 x   0)1)(1(  xx  

    1or1  xx     ),1()1,( x . 



The domain of the function 
xx

xf



||

1
)(  is [Roorkee 1998] 

    (a) R  (b) R   

                           (c) 0R  (d) R  

For domain, 0|| xx    xx  || . 

                         This is possible, only when .Rx  



Find the domain of definition of 
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xf  [IIT 2001; UPSEAT 2001]    [IIT 2001] 

 (a) ),3(    (b) }2,1{    

                            (c) }2,1{),3(   (d) ),(   
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x
xf  exists if,  

 Numerator 03 x  3 x  …... (i)   

 and denominator  )2)(1(  xx  0 2,1  x  …… (ii)  

 Thus, from (i) and (ii); we have domain of )(xf is }2,1{),3(  . 



The domain of the function )22()( 2xxxf   is [BIT Ranchi 1992] 

 (a) 33  x   (b) 3131  x  

 (c) 22  x   (d) None of these 

The quantity square root is positive,  

                              when .3131  x  



If the domain of function 76)( 2  xxxf is ),(  , then the range of function is   [MP PET 1996] 

 (a) ),(   (b) ),2[    

                           (c) )3,2(  (d) )2,(   

2)3(76 22  xxx   

                          Obviously, minimum value is –2 and maximum  .  



The domain of the function xxxxxf  44)( 2   is   [AMU 1999] 

 (a) ),4[   (b) ]4,4[   

                  (c) ]4,0[  (d) ]1,0[  



xxxxxf  44)( 2  

 clearly )(xf  is defined if  

 04  x   4x  

 04  x   4x  

 0)1(  xx   0x  and 1x  

   Domain of ]1,0[),4[]4,( f ]1,0[ . 



Domain of definition of the function ),(log
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  is [AIEEE 2003] 

 (a) (1, 2) (b) (–1, 0)  (1, 2)  

                  (c) (1, 2)  (2,  ) (d) (–1, 0)  (1, 2)  (2, )  
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 So, 04 2  x   4x 2x   

 and 0)1(0 23  xxxx   1||,0  xx  

  }2{),1()0,1( D  

     ),2()2,1()0,1( D . 



The range of 
2
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x
 is [Karnataka CET 1989]  

 (a) )1,0(  (b) ),1(    

                           (c) [0, 1] (d) ),1[   
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Range of the function Rx
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is [IIT Screening 2003] 

 (a) ),1(   (b) )7/11,1(   

                  (c) ]3/7,1(  (d) ]5/7,1(  
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Kinds of Function. 

(1) One-one function (injection) : A function BAf :   

is said to be a one-one function or an injection, if different elements of A have  

different images in B. Thus, BAf :  is one-one. 

  )()( bfafba    

              for all Aba ,   babfaf  )()(  for all Aba , . 







(1) Many-one function : A function BAf :  is said to be a many-one function if two  

                          or more elements of set A have the same image in B. 

                          Thus, BAf :  is a many-one function if there exist Ayx ,  

                          such that x  y but ).()( yfxf    

In other words, BAf :  is a many-one function if it is not a one-one function. 







(1) Onto function (surjection) :  

A function BAf :  is onto if each element of B has its pre-image in A.  

Therefore, if ByAyf  ,)(1  then function is onto. In other words, Range of f = Co-domain of f. 







Into function :  

                  A function BAf :  is an into function if there exists an  

                  element in B having no pre-image in A. 

    In other words, BAf :  is an into function if it is not an onto function 







 Any function, which is entirely increasing or decreasing in the whole of a domain, is one-one. 

 Any continuous function f(x), which has at least one local maximum or local minimum, is many-one. 

 If any line parallel to the x-axis cuts the graph of the function at most at one point, then  

the function is one-one and if there exists a line which is parallel to the x-axis and cuts the graph  

of the function in at least two points, then the function is many-one. 

 Any polynomial function f : R  R  is onto if degree of f is odd and into if degree of f is even. 

 An into function can be made onto by redefining the co-domain as the range of the original function. 



Function 32)(,:  xxfNNf  is  [IIT 1973; UPSEAT 1983] 

   (a) One-one onto (b) One-one into  

                           (c) Many-one onto (d) Many –one into 



The function RRf :  defined by )3)(2)(1()(  xxxxf  is   [Roorkee 1999] 

 (a) One-one but not onto   (b) Onto but not one-one  

  (c) Both one-one and onto   (d)Neither one-one nor onto 



                       If ,: RRf   then ||)( xxf   is  [Rajasthan PET 2000] 

  (a) One-one but not onto  (b)Onto but not one-one  

  (c) One-one and onto   (d)None of these 



Function Domain Range Definition of the function 

x1sin 
 ]1,1[  ]2/,2/[   yxxy sinsin 1  

 

x1cos  [–1, 1] [0, ] yxxy coscos 1  
 

x1tan 
 (–, ) or R (–/2, /2) yxxy tantan 1  

 

x1cot   (–, ) or R (0, ) yxxy cotcot 1  
 

x1cosec 
 R – (–1, 1) }0{]2/,2/[    yxxy coseccosec 1  

 

x1sec
 R – (–1, 1) ]2/[],0[    yxxy secsec 1    

 



Even function : If we put (–x) in place of x in the given function and 

                if )()( xfxf  , x  domain then function f(x) is called even function. 

              e.g. xxxfxxfxxxfxxfeexf xx cos)(,cos)(,sin)(,)(,)( 22    all are even function. 

Odd function :  

              If we put (–x) in place of x in the given function and if  

              xxfxf ),()(  domain then f(x) is called odd function.  

            e.g. 3)(,sin)(,)( xxfxxfeexf xx   ,  

           xxxfxxxf sin)(,cos)( 2  all are odd function 



         Periodic Function         . 

          A function is said to be periodic function 

         if its each value is repeated after a definite interval.  

         So a function f(x) will be periodic if a positive real number 

        T exist such that,  xxfTxf ),()(  domain.  

        Here the least positive value of T is called the period of the function. 

        Clearly .....)3()2()()(  TxfTxfTxfxf . e.g. 

        xxx tan,cos,sin  are periodic functions with period  2,2  and  respectively. 



Some standard results on periodic functions 
 

Functions Periods 

(1) xx nn cos,sin , xcx nn osec,sec                   ;  if n is even 

                    ;2  if n is odd or fraction 

(2) xx nn cot,tan  n;  is even or odd. 

(3) 
|sec||,sec||,cot|

|,tan||,cos||,sin|

xcoxx

xxx
 

  

(4) ][xx   1 

(5)     Algebraic functions e.g., etc,....5,, 32 xxx  Period does not exist 

 

 



 If  f(x) is periodic with period T, then c.f(x) is periodic with period T, 

 f(x + c) is periodic with period T  and  f(x)  c is periodic with period T. 

 where c is any constant. 

 If a function f(x)  has a period T, then the function f(ax+b) will have a period 
|| a

T
. 

 If f(x) is periodic with period T then 
)(

1

xf
 is also periodic with same period T. 

 If f(x) is periodic with period T, )(xf  is also periodic with same period T. 

 If f(x) is periodic with period T, then a f(x) + b,  where )0(,  aRba   

is also a periodic function with period T. 

 If f
1
(x), f

2
(x), f

3
(x) are periodic functions with periods T

1
, T

2
, T

3
 respectively then; we have 



)()()()( 321 xcfxbfxafxh  ,  has period as, 

             









function evenan is )(if };,,{of  L.C.M.

2

1

function even annot is)(if };,,{of .L.C.M

321

321

xhTTT

xhTTT

 



The period of the function )(
3

1
cos2)(  xxf  is [DCE 1998] 

 (a) 6  (b) 4   

                            (c) 2  (d)   



)(
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cos2)(  xxf  
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cos2

x
 

 Now, since xcos  has period 2  
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x
  has period 


6

3

1

2
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x
 has period 6 . 



The function 
4

tan
3

cos2
2

sin)(
xxx

xf


  is periodic with period [EAMCET 1992] 

 (a) 6 (b) 3  

                           (c) 4 (d) 12 



 xsin  has period 2   
2

sin
x

 has period 4

2

2





 

   xcos  has period 2   
3

cos
x

 has period 6

3

2







3
cos2

x
 has period = 6 

  xtan  has period     
4

tan
x

 has period 4

4





. 

 L.C.M. of 4, 6 and 4 =12,  period of )(xf  = 12. 



The period of |2sin| x  is  

 (a) 
4


 (b) 

2


  

                           (c)   (d) 2  



Here 
2

)4cos1(
2sin|2sin| 2 x

xx


  

 Period of x4cos  is 
2


. Hence, period of |2sin| x  will be 

2


 

 Trick  :  xsin  has period 2   x2sin  has period 



2

2
 

 Now, if )(xf  has period p  then |)(| xf has period 
2

p
  |2sin| x  has period .

2


  



If )(xf  is an odd periodic function with period 2, then )4(f equals [IIT 1991] 

 (a) 0 (b) 2  

                           (c) 4 (d) – 4 

Given, )(xf  is an odd periodic function. We can take ,sin x  which is odd and periodic. 

 Now since, xsin  has period = 2 and )(xf  has period = 2. 

 So, )sin()( xxf    0)4sin()4(  f . 



The period of the function xxf 2sin)(   is [UPSEAT 1991, 2002; AIEEE 2002] 

 (a) 
2


  (b)    

                           (c) 2  (d) None of these 

2

2cos1
sin2 x

x


  Period .
2

2



  



Composite Function. 

 If  BAf :  and CBg :  are two function then the composite function of f and g,  

 CAgof   will be defined as Axxfgxgof  )],([)(  

 (1) Properties of composition of function : 

  (i) f is even, g is even  fog  even function.  

 (ii) f is odd, g is odd     fog  is odd function. 

 (iii) f is even, g is odd    fog  is even function.  

 (iv) f is odd, g is even   fog  is even function 



(v) Composite of functions is not commutative i.e., goffog   

 (vi) Composite of functions is associative i.e., )()( gohfoohfog    

 (vii) If BAf :  is bijection and ABg :  is inverse of f.  

                Then BIfog   and .AIgof   

  where, AI  and BI  are identity functions on the sets A and B respectively. 

 (viii) If BAf :  and CBg :  are two bijections,  

                then CAgof :  is bijection and ).()( 111   ogfgof  

  (ix)  goffog   but if , goffog   then either 

         gf 1  or fg 1  also, ).()()()()( xxgofxfog   



If 12)(,:  xxfRRf  and ,: RRg    

                 2)( xxg   then )()( xgof  equals [Rajasthan PET 1987] 

   (a) 12 2 x  (b) 2)12( x   

                           (c) 124 2  xx  (d) 122  xx  

)}({)( xfgxgof  )12(  xg
2)12(  x . 



If 2)1()(,:  xxfRRf  and ,1)(,: 2  xxgRRg   

                 then )3()( fog  is equal to [Rajasthan PET 1999] 

   (a) 121 (b) 144  

                           (c) 112 (d) 11 

)}({)( xgfxfog  )1( 2  xf 2222 )2()11(  xx  

                    121)29()3( 2 fog . 



 If 2)( 2  xxxg  and ,252)()(
2

1 2  xxxgof  then )(xf  is equal to   [Roorkee 1998; MP PET 2002] 

   (a) 32 x  (b) 32 x   

                            (c) 132 2  xx  (d) 132 2  xx  



2)( 2  xxxg  2)()]([)]([)()( 2  xfxfxfgxgof  

   Given, 252)()(
2

1 2  xxxgof            

                            2521)(
2

1
)]([

2

1 22  xxxfxf  

     6104)()]([ 22  xxxfxf  

                              ]1)32[()32(]1)([)(  xxxfxf   32)(  xxf . 
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xf  then )}]({[ xff  equalsRajasthan PET 1996] 

 (a) x (b) x   

                           (c) 
2

x
 (d) 

x

1
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If ,
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x

x
xf  then )2()(fof  is equal to [Kerala (Engg.) 2002] 

 (a) 1 (b) 3  

                  (c) 4 (d) 2 

Here 
4

5
)2( f   

 Hence 2

2
4

5
3

1
4

5
2

4

5
))2(()2)(( 













 ffffof . 



Inverse Function. 
 

 If BAf :  be a one-one onto (bijection) function,  

         then the mapping ABf  :1  which associates 

        each element Bb   with element ,Aa  such that ,)( baf   

         is called the inverse function of the function BAf :  

 bafabfABf   )()(,: 11  

      In terms of ordered pairs inverse function is defined as ),(1 abf   if (a, b) f . 

 Note :  For the existence of inverse function, it should be one-one and onto. 



 Inverse of a bijection is also a bijection function. 

 Inverse of a bijection is unique. 

 (f–1)–1= f 

 If f and g are two bijections such that (gof) exists then (gof)–1=f–1og–1. 

 If f : A B is a bijection then f–1: B  A  is an inverse function of f. f–1of = I
A
  

 and fof–1=I
B
. Here I

A
, is an identity function on set A, and I

B
, is an identity function on set B. 



If RRf :  is given by ,53)(  xxf  then )(1 xf   [IIT Screening 1998] 

   (a) Is given by 
53

1

x
   (b) Is given by 

3

5x
 

   (c) Does not exist because f is not one-one (d) Does not exist because f is not onto 

Clearly, RRf :  is a one-one onto function. So, it is invertible. 

   Let .)( yxf   then, .
3

5
)(

3

5
53 1 
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xf  



Let RRf :  be defined by ,43)(  xxf  then )(1 xf   is [UPSEAT 1993] 

   (a) 43 x  (b) 4
3

1
x   

                           (c) )4(
3

1
x  (d) )4(

3

1
x  



yxxf  43)(    43  xy   

                 
3

4


y
x    

3

4
)(1 
 y

yf    
3

4
)(1 
 x
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If ),1[),1[: f  is defined as )1(2)(  xxxf  then )(1 xf   is equal to [IIT Screening 1999] 

   (a) 

)1(

2

1










xx

   (b)  x2log411
2

1
  

   (c)  x2log411
2

1
    (d) Not defined 



                         Given )(xf )(log)1(2 2
)1( xfxxxx    

    
2

)(log411
0)(log

2
2

2 xf
xxfxx


  

   Only 
2

)(log411 2 xf
x


  lies in the domain  

     ]log411[
2

1
)( 2

1 xxf   


