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Arbitrary constant :
A constant which remains same in a particular operation,
but changes with the change of reference, is called arbitrary constant

eg. Y =MX +C represents a line. Here m and ¢ are constants,

but they are difterent for different lines. Therefore, m and c are arbitrary constants.




Open interval : Let a and b be two real numbers such that
a<b, then the set of all real numbers lying strictly between a

and b is called an open interval and is denoted by ]a, 4] or (g,
b). Thus, |a, b or

-{xeR:a<x<h}

a<x<b

\

]
a b

Open interval

Closed interval : Let 2 and b be two real numbers such that
a<b, then the set of all real numbers lying between a and b

including a and b is called a closed interval and is denoted

by [a, ). Thus, [a, b = {X e R:a< X <D}

ra§x£b1
L ]

a b

Closed interval

Open-Closed interval : It is denoted by ]a, b] or (3, b] and |4,
b or (4 b]= {XeR:a<x<b}

(a<x£b1
\ ]

a b

Open closed interval

Closed-Open interval : It is denoted by [a, 4] or [a, b) and
[a, B or[a )= {Xx eR:a<x<h}

ra£x<b\
L )

a b

Closed open interval
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Function Notation

y=f(xg

Input

|
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Output Name of
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esting for a function by vertical line test :

A relation f: A — B is a function or not it can be checked by a graph of the relation.

If it is possible to draw a vertical line whi.s the given curve at more than
one point then the given relation is not a on and when this vertical
line means line parallel to Y-axis cuts the curve at only one point then it is a function.

Figure (iii) and (iv) represents a function.
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Number of functions :
Let Xand Y be two finite sets having m and n elements respectively.

Then each element of set X can be associated to any one of 1 elements of set V.

So, total number of functions from set Xto set Yis N
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It A contains 10 elements then total number of functions defined from A to A is [UPSEAT 1992]
@) 10 b) 2%
© 10% @ 2Y-1
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If f(y)=1logy, then f(y)+ f(%) is equal to [Rajasthan PET 1996]
(a) 2 (b) 1
(c) © (d) -1




A KA
Given f(y)=logy

= f(l/y)=log(l/y),

1

=logy +log(l/y)=Ilogl =o.
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If f(x)=log X , then f . is equal to
1-X_ 1+x?%
[MP PET 1999; Rajasthan PET 1999; UPSEAT 2003]
@ [Fe1° b) [FEOT

(d) 31(x)




1+

2 X

1+ x?2

log

X2 +1+2x |
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Domain, Co-domain and Range of Function
If a function fis defined from a set of A to set Bthen for f: A —>B

set A is called the domain of function fand set Bis called the co-domain of function £
The set of all Aimages of the elements of A is called the range of function £

In other words, we can say Domain = All possible values of x for which fx) exists.

Range = For all values of x, all possible values of Ax).




Domain and Range

Domain is all the possible
X values of a function.

Range is all the possible y
values of a function.
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Domain Codomain
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Domain

(a) Expression under even root (ie., square root, fourth root etc.) > 0
(b) Denominator # 0.

(c) 1f domain of ¥ = f(X) and ¥ = g(X) are D; and D, respectively
then the domain of f(X)* g(x) or f(X).g(x) is D, N D,.
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(i) Range : Range of Y = f(X) is collection of all outputs
f(X) corresponding to each real number in the domain.
(a) 1f domain € finite number of points = range € set of corresponding f(X) values.

(b) 1f domain € Ror R — [some finite points]. Then express x in terms of y.

efined (ie, find the values of y for which x exists).
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Domain of the function is [Roorkee 1987; Rajasthan PET 2000]
x4 -1
(@) (o=« b (o —1]u(l,x)
() (=00, —1)UJL, ) (d) None of these

-1)(x+1)>0




A KA TAgy
is [Roorkee 1998]

The domain of the function f(X) =

1
\A X| —X
(@ R7 (b) R~
(¢)  Ro (d) R
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| . » log 5 (X + 3)
Find the domain of definition of f(X) = > [IT 2001; UPSEAT 2001]
X“ +3X+2
(a) (_31 OO) (b) {_1! B 2}
() (3,0)-{-1-2} (d) (o0,)
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log,(x +3)  log,(x +3)

Here f(X)= : = exists if,
X< +3x+2 (X+1(x+2)
Numerator X +3 >0 = x>-3 ... (i)
and denominator (X +1)(X +2)z0 =>x#-1,-2 ... (if)

om (i) and (ii); we have domain of f(X)is (-3,00)—{-1,—2}.




The domain of the function f(X) = \/ (2-2X - X 2) is [BIT Ranchi 1992] ﬂSAFALTA&%ﬁ

@) -3<x<y3 b) -1-V3<x<-1+43
(c) —2<Xx<2 (d) None of these

uare root 1s positive,
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If the domain of function f(X) = X 2 _6x+7is (—00,00), then the range of function is [MP PET 1996]

@) (~o0,00) (b) [-2)
<c) (_2! 3) (d) (_001_2)

2_9
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The domain of the function f(X \/X X% + \/4 +X + \/4 X s
(@ [H4 OO) (b) [4.4]
c) [0,4] (d) [0,1]
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1‘(x)=\/x—x2 + VA + X +4 =X
clearly f(X) is defined if

4 +x>20 = x>-4
4 -x>0 = x <4
—X)>0 = x>0 and x<1

1,00 " [0,1] =[0,1] .
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Domain of definition of the function f(X)= + log 19 (X S X), is [AIEEE 2003]

2

4 — X

@ @ 2) (b) (-1, 0)V (1, 2)
(c) (1,2) VU (2, o) d) (1,00U(2) U (2 0




f(x) = —>— +log 15 (x® - X) A SAATAcy

4 —x°
2

0 = x;ti\/z —>X #= 12




1+x2 A AT
S s [Karnataka CET 1989]
X

The range of

(@ (O,1) (b) @, o)
(¢) [01] (d) [1,)
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:>x2y:1+x2 :>x2(y—1):1 — x%-=

e y-1

Now since, x2>O:L>O:>(y—1)>O = y>1 = ye(l,o)

y-1

isalways >0 = Yy>1= ye(l ).
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Range of the function f(X) = : > it ; X € R is [IIT Screening 2003]
X®+x+1
(@) (@ o) (b) (@11/7)
) (@, 7/3] d) (@, 7/5]

—(1,7/3].
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(1) One-one function (injection) : A function f: A — B
is said to be a one-one function or an injection, if different elements of A have

different images in B. Thus, f: A — B is one-one.

< azb = f(@) = f(b)

=f(b)=a=b foralla,be A,



One-to-One Function o SAFALTAGo,




One-to-One (1-1) Not One-to-One

g(x) = x*=

A={xeR|x =0}
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(1) Many-one function : A function f: A — B is said to be a many-one function if two
or more elements of set A have the same image in B

Thus, f: A — B is a many-one function if there exist X,y € A

such that x# ybut f(X) = f(y).

if it is not a one-one function.
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X Y
(3




To be a one-to-one function, each y value could only be paired with one x. Let's

look at a couple of graphs.

Look at a y value (for example y =
3)and see if there is only one x
value on the graph for it.

This is a many-to-one function

3]

For any y value, a horizontal line will
only intersection the graph once so will
only have one x value

This then IS a one-to-one function
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(1) Onto function (surjection) :

A function f: A — B is onto if each element of B has its pre-image in A

Therefore, if f‘l(y) € A, Yy € B then function is onto. In other words, Range of £= Co-domain of £




Onto™

Onto Functions: A function such that each
element of the range is paired with exactly
one unique element in the domain.

Onto Onto Not onto

(not a function)

:U-l.\.oom



Onto Function
Surjection Not a surjection

A
/ M\\*«.E ’

E
" J

Fig. 1 Fig. 2
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Into function :
A function T: A = B is an into function if there exists an

element in B having no pre-image in A.

In other words, T : A — B is an into function if it is not an onto function







If a function is onto, it cannot be into and vice versa. Thus a
function can be one of these four types :

I one-one onto (injective & surjective)

E==72)

one-one into (injective but not surjective)

-
- >
O ’

many-one onto (surjective but not injective)

E=—us

many-one into (neither surjective nor injective)

(E=—0
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@

Any function, which is entirely increasing or decreasing in the whole of a domain, is one-one.

¥ Any continuous function f(x), which has at least one local maximum or local minimum, is many-one.

& If any line parallel to the x-axis cuts the graph of the function at most at one point, then
the function is one-one and if there exists a line which is parallel to the x-axis and cuts the graph

of the function in at least two points, then the function is many-one,
Any polynomial function f: R = R is onto if degree of fis odd and into if degree of  is even.

An into function can be made onto by redefining the co-domain as the range of the original function.



A SHATAc
Function f: N — N, f(X)=2x+3 is 11T 1973; UPSEAT 1983]

(a) One-one onto (b) One-one into

(c) Many-one onto (d) Many —one into
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The function f:R — R defined by f(X)=(x —1)(x —2)(x —3) is [Roorkee 1999]

(a) One-one but not onto (b) Onto but not one-one

(¢) Both one-one and onto (d)Neither one-one nor onto
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If f:R—>R, then f(X)4 X]| is [Rajasthan PET 2000]

(a) One-one but not onto (b)Onto but not one-one

(c) Omne-one and onto (d)None of these
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Function Domain Range Definition of the function

sin~* [-1,1] [-7l2, 7I2] y=sin ' x< x=siny

cos ™ X 1] [0, 7] Y =C0S X < X =C0S Y
y=tan ' x < x=tany

y=cot" x < x=coty

Y = COSEC "X < X = COSECY

Y =SeC™ X & X =Secy

[-7/2, =/2]-{0}

[0, 7] -[#/2]



Even function : If we put (—x) in place of xin the given function and > | SAFALTA cou

An Initiative by SFRISTIE

it f(—x) = f(x), VX € domain then function fx) is called even function.

eg. f(X)=e" +e7,f(x) = X°, f(x) = xsin x, f(x)=cos X, f(x) = X° C0S X all are even function.

Odd function :

ut (—x) in place of x in the given function and if

is called odd function.




Periodic Function

A function is said to be periodic function

if its each value is repeated after a definite interval.

So a function f(x) will be periodic if a positive real number

T exist such that, f(x + T) = f(x), VX € domain.

Here the least positive value of T'is called the period of the function.
Clearly f(X) = f(x + T) = f(x + 2T) = f(x + 3T) =...... eg.

Sin X, COS X, tan X are periodic functions with period 27,27 and 7 respectively.
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Some standard results on periodic functions ey ST
Functions Periods
(1 sin" x, cos" x, sec" x, cosec"x 7, if nis even
27, if nis odd or fraction

(2) tan" x, cot” x ;N is even or odd.

| sin x|, | cos x|, | tan x|, T
(3)

| cot x|, | sec x|, | cosec X|
(4) x=I[x] 1

Algebraic functions e.g., Jx, x%,x3 +5,...etc

Period does not exist




If' f{x) is periodic with period T, then c.f{x) is periodic with period T,
f(x + ¢) is periodic with period T and f(x) £ c is periodic with period T.

where c is any constant.

T
If a function f(x) has a period T, then the function f(ax+b) will have a period —— .

| a

If f(x) is periodic with period T then

is also periodic with same period T.

f(x)
If f{x) is periodic with period T, +/T(X) is also periodic with same period T.
If fx) is periodic with period T, then a f{x) + b, where a,beR(a # 0)

is also a periodic function with period T.

If f(x), f(x), f(x) are periodic functions with periods T, T, T respectively then; we have
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h(x) = af (x) £ bf,(x) £ cf,(X), has period as,

L.CM of{T.,T,,T,}; ifh(x)is notan even function

= <
%L.C.I\/I. of{Tl,Tz,Tg}; If h(x) Isan even function
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1
The period of the function f(X)=2c0S—(X — ) is [DCE 1998]

3

(a) 67 (b) 4rx




1 X
f(x)=2cos— (X — = 2C0S
(X) 3( r) (3 3)

Now, since COS X has period 27

— COS A has period Z—ﬂ- =0rx
3 3 1
3

X T

3 3

= 2 COS( j has period =07 .
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The function f(X) = SIHT + 2 COS? —tan i is periodic with period [EAMCET 1992]
(a) 6 (b) 3

(c) 4 (d) 12
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: X

' SIN X has period =27 = sm7 has period = —
T
2

27

TIX TIX
COSX has period =27 = COS? has period = —r 6 = 2COS? has period = 6
3

X T
=1 = tan— has period =—=4.
T




The period of | SIN2X| is A AALTAon

T
@ — b) =

d) 2z
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Here | SIN2X |= \/sin2 2X = \/(1_CZS 4%)

Period of COS 4X is % . Hence, period of | SIN2X| will be %

: : 27
Trick : *© SINX has period = 27 = SIN2X has period = > =7

veriod P then | f(X)| has period % = | sin2X| has period =%.
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If f(X) is an odd periodic function with period 2, then f(4)equals [IIT 1991]

(a) © (b) 2
(c) 4 (d) -4

Given, f(X) is an odd periodic function. We can take SIN X, which is odd and periodic.

Now since, SIN X has period = 2 and f(X) has period = 2.




o SHATA
The period of the function f(X) = Sin° X is [UPSEAT 1991, 2002; AIEEE 2002]
(@) — (b) 7
(c) 27 (d)

None of these
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Composite Function

If f:A—>B and g:B —C are two function then the composite function of fand g,
gof A — C will be defined as gof(x) = g[f(x)],Vx € A
(1) Properties of composition of function :

(i) Fis even, gis even = fog even function.

= fog is odd function.




(v)

Composite of functions is not commutative e, f0g# gof ﬂ SAFALTA cow
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(vi) Composite of functions is associative ie., (fog)oh = fo(goh)
(vii) If f: A — B is bijection and g: B — A is inverse of £
Then fog = l; and gof =1,.
where, |, and |; are identity functions on the sets A and B respectively.

(viii)If f: A — B and g: B — C are two bijections,

jjection and (gof)‘l = (f _109 _1).
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If f:R—>R,f(x)=2x-1 and g: R > R, . st

g(x) = X° then (gof)(X) equals [Rajasthan PET 1987]
(@) 2x°-1 (b) (2x —1)°
() 4x°—-2x+1 (d) x*+2x-1
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If f:R >R, f(x)=(x+1)° and g:R > R,g(X)=Xx° +1,

then (fog)(-3) is equal to [Rajasthan PET 1999]

(@) 121 (b) 144
(¢) M2 (d) ™




o SAATAg
If g(X)=X*+X—2 and %(gof)(x) = 2X° —5X + 2, then f(X) is equal to
(@) 2x =3 (b) 2x +3

() 2x°+3x+1 (d) 2x°-3x-1
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g(x) = x* +x -2 = (gof )(x) = g[f(x)] = [F(x)]* + f(x) - 2
Given, %(gof)(x) = 2X% —5X + 2
Lo L e

E[f(x)] +E f(x)—1=2x"-5x+2

= [fX)] + f(x) = 4x* -10x +6
= f)[f(X)+1]=(2x -3)[(2x —3)+1] = f(x)=2x-3.
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If f(x)= , then [f{f(X)}] equalsRajasthan PET 1996]

X —2




)l =

2

(2x — 3

X —2

2X — 3
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If f(X)= 5))(( __I_; , then (fof)(2) is equal to [Kerala (Engg.) 2002]
(a) 1 (b) 3
© 4 () 2

Here f(2) = E




Inverse Function 2 SAFALTA cow
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If f: A— B be aone-one onto (bijection) function,

then the mapping f™:B — A which associates
each element b € B with element a € A, such that f(a) =D,

is called the inverse function of the function f: A > B

if (2, b) f.
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Inverse of a bijection is also a bijection function.

Inverse of a bijection is unique.

(f)=F
If fand g are two bijections such that (gof) exists then (gof)=fog.

G 9 9

If f: A= B is a bijection then f: B — A is an inverse function of f. fof = |

ty function on set A, and I, is an identity function on set B.




If f:R— R isgiven by f(X)=3X -5, then f (X) [NT Screening 1998] 4 SAFALTA COM
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1 X+9
(a) s given by —— (b) s given by ——
3X -5 3
(c) Does not exist because £is not one-one (d) Does not exist because fis not onto

Clearly, f:R — R is a one-one onto function. So, it is invertible.
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Let f: R — R be defined by f(X)=3x —4, then f_l(X) is [UPSEAT 1993]

(@) 3x+4 (b) %x—4
9 (x+4) @ L(x-a)

3



A SHATA:
f(x)=3x-4=y = y=3x-4

_y+4 _y+4 X +4

= () = f(x)

= X
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If f:[1, 0) > [1, ) is defined as f(X) = 2*%"D then f(X) is equal to [IIT Screening 1999]

x(x-1)
(a) 6) (b) %(1+\/1+4Iogzx)

(c) %(1 ~J1+4log, x) (d) Not defined
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Given f(x) = 2" = x(x —1) = log >, T(X) - iy

1+,/1+4log, f(x)
2

— x*—x—log, f(x)=0 =x =

~ 1+41+4log, f(x)

lies in the domain




