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Concepts

Complex numbers are expressions of the forma +1ib wherea, b e R & 1= ,/— It 1s

denoted by z 1e. |‘z a+ib. }‘a 1s called as real part of z (I}_e;) and b’ is called as imagmary part of
z (Im -

/
z=at ib]
(Eureli real ) I\pureply_m-\;gmary) 1magmary
ifb=0 if a=0 fF b0
i B z=1b
Note that :
(1)  The symbol 1 combines itself and with real number as per the ru gebra together
withi’=- 1;i3=-i;i*=1,1i%005=1;j2000=_1] TInfact Ll”‘“ =1, neI ]
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Problems

The value of i*7 + 1/i'®® is :

J&) 0 (B) -2i (C) 2i (D) 2

/ 570 1%yl AR SN R \
= 4
2 .
>+ L = J+ __f:; =~ j+ =2 - J-j=0
5 A |
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Concepts
ALGEBRAIC OPERATIONS :

The algebraic operations on complex numbers are similiar to those on real numbers treating 7 as a
polynomual. Inequalities i wmbers are not defined. There is no validity if we say that complex
number 1s positive or negative.

e . . Z,= dtdy, Za= 21y,
eg. z>0, 4+21<2+41 are meaningless .
= —_———

—_—

Zit2. = Aidg +J:(L5t+52)

Z~22 = 1, G + 1 (y,~%2)

axZz - (Dﬂ”‘-ﬁl) Gty = Xt AZul, X Wl + DY
EQUALITY IN COMPLEX NUMBER : 2 - = X9t 400 YTy

Two complex numbers z, =a, +1b, & z,=a,+1b, are equal if and only if ther real & imagmary
parts comcide. — —

Nl o o
0=, $ hzb TR TN I




[y Given that x,y € R, solve:

Problems

@ x+2y)+1(2x-3y)=5-4
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-

X+2y =5

S~ 3lﬁ =4

] Sobwe .
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Three Important terms : Conjugate / Modulus / Argument

CONJUGATE COMPLEX:

If z= a1l ib then its conjugate complex is obtained by changmg the sign of its unagmalypan &
is denoted by z.le. z=a—1b.

P(z2)
Zz= 3)+h f -

—_—

2 = —dit4
. . . 3
_= =(gridln-ib)s -5 =0l

Q(Z)
Note that :

(i) z+7 = 2_59&2) (i) z—z = 21Im(z) (iii) zz =a’+b* which 1s real
(iv)  If z lies m the 15 quadrant then z lies in the 4™ quadrant and —z lies m the 2 quadrant.
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Three Important terms : Conjugate / Modulus / Argument

Modulus of Complex Number :

# Imaginary axis
Modulus of complex number 1s a distance of the point on the argand
plane representing the complex number z from the origin. Iz (x, y)
If P denotes a complex number z=x +1y X
0 Real axis

—
thenOP=|z|= V’xz +y?

—

>0 i|=1tie | Jo1 | —

~ _

All complex numbel havmg the same modulus lie on a circle with centre as origin and rads r=|z |.

—— — —

Iz|=2
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Three Important terms : Conjugate / Modulus / Argument

Argument of Complex Number :

# Imaginary axis

Angle (6) made by the line segment joining the pomt on the complex plane

representing the complex number z to the origin from the positive real axis v P(x, )')
1s called argument of complex number z which is denoted as arg(z) =6. C w
A 01 Real axis
2=7TAY -

General Argument : (9

If OP makes an angle 8 with real axis then 0 1s called one of the argument of z.
General values of argument of z -are glvenT

2unt+6, nel. Note that any two argument differ by 2m.
/< - e QW»

2 P
‘ﬁ 240
— 338"

Alonnn
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Three Important terms : Conjugate / Modulus / Argument m{[?;ﬁjaéﬁ\
- UIM'PC?SJ =3®
Amplltude (Principal value of ar'gumen‘l') s aplay =57

The unique value of 6 such tha‘-j'rf_ﬁ_?]@ls called,_l,lilﬁélla,l_,_,"ahm)iﬂglﬁent Unless otherwise

stated, amp z refers to s the principal value of argument.

— . M:’ =) - _J_m-"-\
Z =ty [ﬂj_\ = oy A
A~ 2ud drant 1t drant
. Quadrant | Signofx &y Arg(z) Quadran Quadran
I~ X, y>0 1Y
x Arg(z)=m-a Arg(z) =a
" x<0,y>0 m—tan~t %l c —~
T X y<0 B Y
/ 1T + tan < _ e
\Yre x>0, y<0 — tan-! |i_’ Arg(z) =-m+ a Arg(z) = -a
~ (7<)
34 Quadrant 4% Quadrant
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IMPORTANT PROPERTIES OF CONJUGATE /MODULI/AMPLITUDE :

@ ~z+7Z=2Re(z)

—

z— 7z =211Im(2)

=z . Z,+Z, =21+22
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IMPORTANT PROPERTIES OF CONJUGATE /MODULI/AMPLITUDE :

1 |Zl|,-' n a -
\zlzz|=\zl\.Lz_2\ Z—=m*zz¢0, |z [=]z]*_;
— - 2 2 \2x7.,<2><’2__ - [le*:',llzll‘zl_~
oz 4z, P+, -7, P =2 [Iz, [ +|z, )]
w7 Tz 1= z,| | < [z+2,] < |z, +BB [ TRIANGLE INEQUALITY |
—— =z —
Z-0xip 12)= m 22 ':k&"'ﬂ_a) (&’jb)
2 2.
= ol = 12}

L[
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IMPORTANT PROPERTIES OF CONJUGATE /MODULI/AMPLITUDE :

(c) (i) amp (z_1 ; 52) = amp z, +ampz, +2Kkn. kel
(ii) _amp (?J =a£1£’zJ—alllpzz+%£n . kel

(i) amp(z")=namp(z) + 2kn.

Where proper value of k must be chosen so that RHS lies in (-7, 7].

—
e

CUV\/{:)(.Z)(Z%Z_,__.-/) - owbz bz radpz -
= n@,m»LZ) + 2R
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REPRESENTATION OF A COMPLEX NUMBER IN VARIOUS FORMS:

(@)

‘Cartesian Form (Geometric Representation) :

Every complex number z=x+1y canbe represented by a point on
. e " ——————

the cartesian plane knownas complex plane (Argand diagram) by the

ordered pair (X, y)4

length OP 1 P 1s called modulus ofthe complex number denoted by | z | &
0 is called the ar gument or amplitude .

eg.|z| VX’ +y’ &

g

0 =tan™! % (angle made by OP with positive x—axis)
y :

# Imaginary
axis 5 P(X, y)
r
Vs ‘
o) Real axis
P ———
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Problems

Find the locus of :
) o lz-112+ |z +112=4 (b) Rez?) = 0

——

/ . b) 2= oAy \
&) 2= xtiy

zZ= 5&-\4‘5_)2: L+ jz‘dz Faxd
3 - = %7-4—2)&5‘;\
2 . 2>
(ETT ) - () = (= 2y
3 ) 2 L -~
- b SERENTY =4 x Y

CUSEE| o S
23(.?'-1-2,\51‘-‘-'7—
\_ Girde -

‘ ;p,j.ﬁ_ﬂz + pcﬂtﬁﬂl 24
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REPRESENTATION OF A COMPLEX NUMBER IN VARIOUS FORMS:

(b) Trignometric / Polar Representation :

_ . P(x. ¥)
Let the given complex number be z=x +1y B
rand 6 be the modulus and amp (z) respectively. ‘ Y-
: (i !
From the figure x=rcos 6, y=rsin®6 O . > X
z=x+1y=r(cosB+1smb)=rcisO
X5 (a0

Heuce z=1 (cos ©+1s1n0)1s called mlal form of the complex number .

(d :-315:;(\%
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REPRESENTATION OF A COMPLEX NUMBER IN VARIOUS FORMS:

¥ . )8
. . o+ Q'.'('I[g ~ e,
(c) Exponential Representation : S _

— -—

z=x+1y=r(cos O +1isinO)=re®
z=re'? is called exponential form of the complex number.
where r 1s modulus of z and 6 1s amplitude of z.

Here. cosO+isinB=e®v 6

{2 . 16)

Z= x4y = 5 ((BHISney = & 2, zh y

02
‘52,13‘?.6

R 1]
o [—ZJ-; = 062 21\ 4, S—.I :I,zr‘el[___’iz)
‘ —og T~ M 2o 2, 2 Tgi &L)
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DEMOIVRE'S THEOREM (DMT) :

Case-I :
Statement :
If n is any integer then
() ~ (cosO+isinB)2=cosnd+isinnd
(1) (cos B, +1smO, )(cos B, +1sm0,)(cos 6, +1smn6,)(cos B, +1smB,)...... (cos6, +1sm6 )
—c05(81+8_+GJ+ ...... 8)+15111(9 +9_+9 +...... 6,)

.___________‘

1) (Cot+i58) = (wno+iSnod

)ne'

CR

i +Sind
) ((;n@ﬁ}g;\,‘g) (_&p@zﬂg nth) i(@n‘*g@*@J ) _)

Y i F @ —_
e‘]g\ 'Cl"ez' —e’J 3 _ - — e,




4 SAFALTA cowm

An Initiative by IARJSNEl

R+2 o= G = F, _
Problems ok R
2 g
If x COS( )+lsm[ )then XX, Xqeoonoon w0 is equal to -
" 1 (B) 1 (C) 0 (D) »
= F 4 Lin% \
/3& 14- 2 JC.IX_'ZEQ)D(_;__—--GU
Ay= & +3SinZ = ol EAETE, ——) —l—j&'né-ﬁ-fzz‘r; )
2> 2
Ldin X — X +ASin?
Ayz 2 —k—JLSm_Z3 (»
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DEMOIVRE'S THEOREM (DMT) :

Case-II :
Statement : If p.q € Z and q # 0 then
- >
(cos B +isin G)PA= OS(H—JFP] ﬂsm(ﬁTﬂ)] \

where k=0,1,2.3, ......q—1

(o» PO 4 i SinpPO
2 3

Note : When index 'n'is integer then (cos 6 +1sm 6)* has exactly one value which1s cosnB+1smnf but
= when n is rational number (say P/ /q, q# 0) other than integer then (cos 6 +1sin 6)P4 has exactly q

-

chﬁ‘elm —




Cube Roots of unity : z =

2-1=0 = z=(1)!"
Z y

(cos 0 +1sin 0)Y3 = (cos 2mm + 1 sin 2mm)!3

W j; mz' Qhg ha'ék 0‘6 :)(,2"'".3(".\"“:6 \1(,.}2"

2mn 2mmn
=cos —— tism—— m=0,1,2
3 ‘3 - -
m=0, z,=cos0+isin0=1 v
m=1, z,=cos —~ t1sm 2 = +1 [0
R R 2 2
dn . 4n -1 A3
m=2. z,=cos . .tisll  =—"1—=0@
3 _ 3 2 2
___-"/- —
. 143 —1-iV3 . 0
The cube roots of unity are 1, e

2 2

57 )

WAt —| oy [H+eT8
Wweo= \ S w=
VW Wt
o <
ﬂdzl‘{3
DCE—_ (
L
:r}'—[ -0
V4 £
p- ) hJL ’

4 SAFALTA cowm

An Initiative by IARJSNEl

/-"’kj




4 SAFALTA cowm

An Initiative by JWR-Jalicll

Cube Roots of unity : PRy che ot k| (L0

Note : W= -Gy AR
G o= s
- - _%_x -l
(1) or=1.nel = >

—_—

(m_ l+o+ =0

—> O if 1 1s not a multiple of 3.

V) 1+ o+ ef=

—> 3 1f r 1s a multiple of 3.

(v) Representation of cube roots of unity
on argand plane. Cube roots of unity form

an equilateral A whose side 1s V3 units.

—
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Problems
If o & P are imaginary cube roots of unity then o™ +p" is equal to -
J Wt -
I@_I \13{02 2nm ®) 2nm ©) 2i s 2nm D) i s 2nm
cos = cos— isin = i sin—>=
/ w= —4 3+ = (g 2% + 1S1n2= -~ \
> 2 3 3
2 - 2%,
W= '"—1;'-'%-‘ - &DC-%_;) +iSml-2% i =
~ Gz —3fn2z2 @ * o=z
2 3
o . n_ .
ol = (Cub%_";+33rn2,h:;-’) = sz&; 41 20 Lr8 2 lw2rx

™ . . s Smgns
- i 2 0% — S
N ) il B




