[ Continuity & Differentiability ]

A( SAFALTA com

An Initiative by JTHLISTEN

By
Ankush Garg (B.Tech, IIT Jodhpur)
\ y,




FORMULATIVE DEFINITION OF CONTINUITY

A function f(x) is said to be continuous at X = a, if Lim{(x) exists and = f (a).
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Symbolically f is continuous at x = a if Limf(a — h}=11;'£f (a+ h)=1(a)=a finite
h—0 ,
quantity. LheL = RPL 2fa) = pivire

l.e. LHLatx=a=RHL atx=a= value fo{x} at X = a = a finite quantity.
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WCONTINUITY IN AN INTERVAL
A function f 1s said to be continuous in (a,__blif f 1s continuous at each & every Enint e(a, b).

A function f 1s said to be continuous in a closed interval [a,b] if :
B~ {iscontinuous in the open interval (a,b) &
LD~ fis right continuous at ‘a’ i.e. Liﬂl {(x) = f(a) = a finite quantity .

iy~ fis left continuous at ‘b’ i.e. [il:l_ f(x) = f(b) = a finite quantity .
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REASONS OF DISCONTINUITY : A function can be discontinuous due to the

following reasons. C —o °
o
. . | @
@ Lim £ (x) does not exist ( f(a) may or may not be defined)
X—a '
i e Li L1 — = - =
1.e. hil}lc} f(a+h)= hi‘% f(a—h) eg. f(x)=[x]:;f(Xx)=sgnx
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1 X) tan— ifx=1
‘gﬁ Lim f(x) exist but is not equal to f (a
x—a e— ‘é—] ) fx=1
ie. Lim f(a+h)= Lim f(a—h) =f(a) -
h—0 h—0
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To understand explicitly the reasons of discontinuity. Consider the following graph of
a function. Note that t

fiscontinuousatx=0 andx=4

f is discontinuous at x = 1 as limit 37T .
does not exist

f i1s discontinuous atx =2 as f(2) is /
not defined although limit exist. 1 - '
f 1s discontinuous at x = 3 as \

1

I}:ﬂ f(x)=f(3)

f 1s discontinuous at x = 5 as neither
the limit exist nor fis definedatx =5
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Type-1 : Removable type of discontinuities
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In case lim f(x) exists butis not equal to f(a) then the function is said to have a removable
x-)a

discontinuity  or discontinuity of the first kind. In this case we can redefine the function

such that lim f(x) = f(a) & make it continuous at x = a. T3akaled -— @
X—a - —~'

Removable type of discontinuity can be further classified as:
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M) Missing point discontinuity : Where lim f(x) exists but f(a) is not defined ‘xé

X—a

(5 12) f(x)zi_4l Retl=Lii= 4]
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wlsolated point discontinuity : Where lim f(x) exists & f(a) also exist but; lim f(x) = f(a)

X-’& X—a

f(x) = [x] + [~ . —
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Tvoe -2: Non-removable Type of Discontinuities Sint )
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In case lim f (x) does not exist then it is not possible to make the function

X—a
continuous by redefining iteSuch a discontinuity is known as non-removable

discontinuity or discontinuity of the 2" kind. -
- —

Non-removable type of discontinuity can be further classified as

& Finite type dlsoontmmty : In such type of discontinuity left hand limit and right hand limit

at a point exists but are not equal. X~ f(2h) = 1 -~
Ex: lim —

X—2 \ f2°) ==-—
mnﬁnite type discontinuity : In such type of discontinuity at least one of the llmlt viz. LHL and

RHL is tending to infinity. 1 f(0H) =
= Ex: f(x)=x—2atx— <f§0 ;_00

1 ~
\W()scillatop_y (limits oscillate between two finite quantities) f(x) = sin—
Ex: Zlatx=10

4 1 —
-4




termediate value theorem :
If f is continuous on [a, b] and f (a) # £ (b) then for any value ¢ € (f(a). f(b)), there is
at least one number X in (a, b) for which f (x)) = ¢
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Extreme Value Theorem : If f is continuous on [a, b] then f takes on, a least value
of m and a greatest value M on this interval.
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Minimum value 'm' occurs Minimum value 'm' occurs at the
at x = ¢ and maximum value end point x = a and the maximum
M occurs at x =d. ¢, d € (a, b) value M occurs inside the interval
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Lm f(ﬂ) EXISTENCE OF DERIVATIVE :
o Right hand & Left hand Derivatives ;
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) f h)-f
J‘.(q") Bydeﬂnitan:f( a)= {;ﬂ% (a+ h) (@) fit exist
R-MD —— : L A - ,}(q..)’
The right hand derivative of fatx = a The left hand derivative : of fatx =a
denoted by f'(a¥) is defined by : denoted by f' (a”) 1s defined by :
— vHe i f(a—h)f(a e
LL/l/f'{aJr} 114_1}1;1 f(a+h) f(a) / R H:D ‘Aﬂ[a-}: }:{J—lz-gl ( H( E L-H g)
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provided the limit exists &' is finite . Provided the limit exists & is finite .

Lfis said to be derivable atx=aif f'(a”)=1f'(a )= a finite un)
K ReHD ="Lehp = o finit€ qumbﬂ/




Derivability & Continuity

Theorem : If a function f 1s derivable at x =a then f 1s continuous at x =a.
Proof : Let f1s derivable at x = a. Hence
—

£1( )_ le f(a+11) f(a)

Also f(a+h)—f(a ):@*h) f(a) ) (h+0)

f(a+h)—f
Therefore: M [(f (a + h) = f (a)] = 0 \(a+113 (a))h £(2).0=0_

—~—

exists .

Therefore }[1‘11&]1 [(f(a+h)—f(d)F0=> }[1"_1)1[]1 f(a+h)=1f(a) = { is continuous at x.
... —————
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For a function { :
@Differentiability# Continuity ; % Continuity# derivability ;
@NOH derivibality = discontinuous But discontinuity = Non derivability
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Vertical tangent :

(i) If for v =f(x) ; f(@a) - « and f(@a) > x or f(@) > —»w and fl@a) > —=»

then at x = a, y = f(x) has vertical tangent at x = a

e.g. (1) f(x) = x'? has vertical tangent at x = 0 /

foy= Lo
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since f'(07) — o and f(07) — oo hence f(x) is not
ap———
differentiable at x = 0 /
3 |
qu,)'& AL (2) g(x) = x22_does'nt have verfical tangental x = 0

-2 since g'(0") =~ and g'(0) — —o hence g(x) is not
323 e

differentiable at x ="0.

(ii) If a function has vertical tangent at x = a then it is non differentiable at x = a.
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-) If a function f(x) does not have a unique tangent (p # g) but is continuous at x = a, it

geometrically implies a sharp corner at x = a. Note that p and g mav not be finite,
sEssnm—— —

where P = f(@) and g = f'(@)
R h-p L-h-D
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(does not have unique tangent)<




\/ﬁ-IEOREM : If £ (x) and g (x) both are derivable at x = a, then
@f{x] + g (x) will be differentiable at x = a.
@ f(x) - g(x) will be differentiable at x = a.

N\ 1x) _ . .
) o(x) will be differentiable atx=a 1f g (a) # 0.



