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Standard equation of an ellipse referred to its principal axes along the co-ordinate axes is Bl y

2_=1.

*

Wherea>b&(l_)i,:/’a_{(j_;ea:> aZ-b*=a

Where e =eccentricity (0 <e < 1).

FOCI S=(ae ) & S'=(=ae 0).
EQUATIONS OF DIRECTRICE

a
x=2 & x=_9.
< e

VERTICES:

A'=(-a.0) & A=(a.0).

Ellipse (<)
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_Standard-equation of an ellipse referred to its principal axes along the co-ordinate axes is *_ —+ y_ =
e B
Wherea>b & b*=a%l -¢e?) =@ a?-b2=alel
Where e =eccentricity (0 <e <1).
FOCI:S=(ae 0) & S'=(-ae 0).
_EQUATIONS OF DIRECTRICES :
x=2 & x=_2 ) A' 3 i A -
e e z| (-a,0) x{\ Cfo, /b) / @) 2%, M s
VERTICES : S e
1 1
=(-a.0) & A=(a.0). c—_a B1(0,-b) (-2
(- c
Dutle 0574 4 (|
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FOCAL CHORD : A chord which passes through a focus is called a focal chord.

DOUBLE ORDINATE :

A chord perpendicular to the major axis is called a double ordinate.

LATUSRECTUM :

The focal chord perpendicular to the major axis is called the latus rectum. Length of latus rectum
2b° | (minor axis)?

(LL"H = = . — =2a(l- e?)=2e (distance from focus to the comresponding directrix)
major axis
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NOTE: .~
(i) The sum of the focal distances of any point on the ellipse is equal to the major Axis. Hence distance of
focus from the extremity of a minor axis is equal to semi major axis. i.e. BS = CA.

(ii) If the equation of'the ellipse 1s given a & nothing is mentioned- then the rule is to assume

that a>b. HW}MJ,EL\;P& a>b
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Problems

ough the foci of the ellips

The equation of the circle passing thr
gy =
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x2 y2
e — +-— =1 and having centre at (0, 3) is:
168 9
[JEE (Main]]

\11')/)(2+y2—6y—7=0(2)x2+y2—6y+7=O(3)x2+y2—6y—5=0(4)x2+y2—6y+5=0

S(ia?.,cﬁ = 5("'-3»6/@

L 013)
LS«P(-@ g
7+q:4
(-3
Y ey -6y =7

2 (7]
Xty 6y =)
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Problems

‘ If LR of an ellipse is half of its minor axis, then its eccentricity is -
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ELLIPSE AT A GLANCE
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Auxiliary Circle _ x2 +y2 =322
D / 7 : Y \\\ D
2 //l Minor axis (a cosb, b sind) 2\\ 1
/ b N\
N B0 Pxy) @) N\ M,
T 2| Latus Rgctum /0& 5 ~< Latus\Rectum
L \& ‘
r\ln < Foot of directrix
3 Vertex = / >x
< N, |3, 0A, (=0 Ofcentre) N1 Major axis
- (-ae0) &9 ‘
b= \\ & Double—|
\‘ ordinate
\
l \\ 12 p— /
\\\ B'_, (0, —b)
gl N = a
€ < Major Axis = 2a ¢
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ELLIPSE AT A GLANCE
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Foot of directrix
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D, (a cosb, b sine)bz\\ D,
(0,b) prx ae,2) \
M. . oY) ( ‘La ) AY M,
T | Latus Rgctum a L _Latus\Rectum
/ \
) \
ol
I
>Z< Vertex /
< N, |3, 0)A,; (—,0) </ |O(centre) Ni Major axis
= (—ae,0) N :
= \ & Double—>
\\ ordinate
l \\ 2 —
‘\ B,|(0,-b)
\,
— = . a
[ < Major Axis = 2a [
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POSITION OFAPOINT w.r.t. AN ELLIPSE :

The point P(x, y,) lies outside. inside or on the ellipse according as :
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AUXILIARY CIRCLE /ECCENTRICANGLE :
WMEMB as diameteris
called the auxiliary circle.

et Q be a point on the auxiliary circle x?+ y* = a?
such that QP produced is perpendicular to the x-axis
then P & Q are called as the CORRESPONDING POINTS
on the ellipse & the auxiliary circle respectively ‘0° is
called the Eccentric ANGLE of the point P on the ellipse
0<6<2n).

Y24
o 1__;93.. =4l
A=n(ed, Y=2fmQ im’lﬂﬂ“?—"*
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PARAMETRIC REPRESENTATION :

2 2

; : .
The equations x =acos 6 & y=b sin 6 together represent the ellipse —+ —z, =1,
a? b2

Where 6 1s a parameter. Note that if P(6) = (a cos 6, b sin 6) i1s on the ellipse then :
Q(6)=(acos 6, asin B) is on the auxiliary circle.




Problems

2 2

(A) m/3

AB) /4 © /6

(D) mn/2
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If the distance of a point on the ellipse % +y7 =1 from the centre is 2, then the eccentric angle is-

gy

-

[ (60rB,bSnd)
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P( G0, ASne)
&P =2
)’@tﬂ@)ia{g P
(LS =4
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LINEANDANELLIPSE :

2 2

. . X7 y” . . o L :
The line y=mx + ¢ meets the ellipse —-+ z—,, =1 intwo points real. coincident or imaginar ding
al b2

—_—

as ¢2 is <= or > a’m?> + b2,

2 2
. . X~ - .
Hence y=mx + ¢ is tangent to the ellipse —+ —z, =11if
a2 | b2

The equation tp the chord of the ellipse joining two points with eccentric angles o & B 1s given by

X o+p y\ o+p  o-p
%cos +ES =Cos > . .
P (0linel, i)
(yomtlama | St s .t
mslepe :
g @(a@,@,mﬂﬁ/
wh =AW
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TANGENTS:

(i) x—}:l ™ y_};1 =1 1s tangent to the ellipse at (x, y,).

ar 2
__.y.:d _\ 2 I¥

o 2 ?#K{:)
(ii) m Ja?m? + b2 \is tangent to the ellipse for all values of m. b

Note that there are two tangents to the ellipse having the same m. 1.e. there are two tangents parallel to

[CTRTH)

any given dngchon. . L alsd ) i Cb Sin6) i
(iii) oY o s;n =1 |is tangent to the ellipse at the point (a cos 6. b sin 6). ~o* L
a

(iv)  Theeccentric angles of point of contact of two parallel tangents differ by . Conversely if the difference
between the eccentric angles of two points is p then the tangents at these points are parallel.

. a+f
. . . . | cosEE sin—
v) Point of intersection of the tangents at the point o & p is|a —
2
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NORMALS :
a’x bzy
Equation of the normal at (X, y,)is ———— =a’-b*=a’e’.
et y
1 1
Equation of the normal at the point (acos 6- bsin 6) is : ax-sec 6 — by cosec 6 =(a> —b?).

(a2 -bz)m

\/a 2 4+b%m?

Equation of a normal in terms of its slope 'm'i§ y=mx —

Newnal

X\

A =0 & \l @mErb
=5\
(=p )

M »

Y mx =
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DIRECTOR CIRCLE :
Locus of the point of intersection of the tangents which meet at right angles is called the Director Circle.

g . . Y R, —/‘1.
The equation to this locus 1s x*+y*=a”+Db? 1.e. a circle whose centre 1s the centre of the ellipse &
whose radius 1s the length of the line joining the ends of the major & minor axis. .

g, Bk
Cedst Q] =0

i 3 ¥ - TS ¢
DC> o4+ =20" o*  b* L
_. i M \
D.C= x+-LQ~O-—b e,
Chord of contact. pair of tangents,. chord with a given middle Wd as
they are in parabola.
o
titz =0
2
-~ SS L=

= =5
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The HyPERBOLA is a conic whose eccentricity is greater than unity. (e > 1). X 4 % <]
. 72 2 =
STANDARD EQUATION & DEFINITION(S) ¥
Standard equati f the hyperbola 1s " : IS
andard equation 01_ 11 3712 I 1S ’_)»C'“A“!'h A

=7 Where B1(0.,5) I<= (ae, b%/a)

2
o IR ) 2 i im 2 i i
ora“e’=a +b" Le. e =1+ — | |
a2 A' A

} 5 > X
[, CA \2 (—ae,0) S (—a,0);  C|(0,0) (a,0) S(ae,0) \5 R
K \T. J Ax
FOCI: '
S=(ae.0) & S'=(-ae.0). B(0.-b)
EQUATIONS OF DIRECTRICES:: X=— % x= %
a a
X=— & X==—,
e e

VERTICES : A=(a.0) & A'=(=a0).
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2b? (CAY)
a T.A.

Note : /(L.R.) = 2e (distance from focus to the corresponding directrix)

TRANSVERSEAXTs :  The line segment A’A of length 2a in which the foci S’ & S both lie 1s called the
T.A. Or THE HYPERBOLA.

Consucate Axas : The line segment B'B between the two points B'= (0. —b) & B=(0.b) is called as
the C.A. Or THE HYPERBOLA.

The T.A. & the C.A. of the hyperbola are together called the Principal axes of the hyperbola.
FOCALPROPERTY:

The difference of the focal distances of any point on the hyperbola is constant and equal to transverse

axisi.e. ||PS |-|PS’]| | = 2a . The distance SS' = focal length.

! (Latus rectum) = =2a (e2-1).
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2 2
['I (Latus rectum) = 2b7= BE) . 2a(e2-1).
W\a} T.A.
Note : /(L.R.)=2e (distance from focus to the corresponding directrix)
TRANSVERSEAXIS :  The line segment A’A of length 2a in which the foci S’ & S both lie is called the
T.A. Or THE HYPERBOLA.
Conjucate Axas : The line segment B'B between the two points B'= (0. —b) & B=(0.b) 1s called as
the C.A. Or THE HYPERBOLA.
The T.A. & the C.A. of the hyperbola are together called the Principal axes of the hyperbola.
FOCALPROPERTY:
The difference of the focal distances of any point on the hyperbola is constant and equal to transverse

Cxis ie. ||PS |-[Ps’| | = 2a . The distance SS' =focal length.

£
78 dibe o Ky pulls ; @
@ = > lpg yest2a
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Problems

The eccentricity of the hyperbola 4x* - 9y* — 8x = 32 is -

(Alg M? Vi3
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¢ = ay-gaL =32

11‘38_‘— By — quf' =32

2_ 2{ef—
§(F= 2o b1 1)~y =32 _Xi -y =) S
Y ()2 4 — =34 5 et %3
X _g X - -
43V —fy= 36 0=3%, b=2 o W
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CONJUGATE HYPERBOLA:

Two hyperbolas such that transverse & conjugate axes of onEWe respectively the conjugate

& the transverse axes of the othier are called CONJUGATE HYPERBOLAS of éach other.
.ﬂ. ‘-_'__'_-___ R

%2 2 %2 2

S Y_7 =1 & -—+ y_7 =] are conjugate hyperbolas of each.
a~ b*~— a~ b~ —

Note That : (a) Ife,& e, are the eccentrcities of the hyperbola & its conjugw

(b) The foci of a hyperbola and its conjugate are concyclic and form the vertices ofa
square.
(c) Two hyperbolas are said to be similiar if they have the same eccentricity.

A e
e G

Y
|
S
\\
7
%
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RECTANGULAR OR I ERALHYPERBOLA:
The particular kind of hyperbola in which the lengths of the transverse & conjugate axis are equal is

called an EQuiLaTERAL HyPERBOLA. Note that the eccentricity of the rectangular hyperbola is /2 and
the length of'its latus rectum is equal to its transverse or conjugate axis.

2 2 Vl _XL ra Z__ 21_ 2z
—J—L;"_E.'L:«l Rw‘&"ﬂu 3f —a—}“’k.ﬁ.t:l = A4 o
- bk 26=2b ®
N ~b 2 N
T A=20 o=b g = L"JP..L
o\
A=l

2, 2 Z"Z
e oy =l D ST
o* ez

General Note :

An Initiative by JFHR ISTEN

Since th ion to the hyperbola only differs from that to the ellipse in having
— b? instead of b” it will be found that many propositions for the hyperbola are derived from those for

“the ellipse by sunply changimng the sign of b-.




gu gy 15 e
AUXILIARY CIRCLE : Yt
Acircle drawn withcentre C & T.A. as a
‘diameter is called the AuxiLIARY CIRCLE
of the hyperbola. Equation of the auxiliary
circleis x>+ y>=aZ.
Note from the figure that P & Q are called
the "CoRRESPONDING PoiNTs " on the
hyperbola & the auxiliary circle. '6'1s called
the eccentric angle of the point 'P' on the
hyperbola. (0 <6 <27).

P(a secO, b tan0)

2 2
The equationsg= asecH & y=Dbtan Eﬂtogether represents the hyperbola :—2 - % =1 //,

—
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POSITION OFAPOINT 'P' w.t. AHYPERBOLA : ( Cred &'rm>

2

. X
The quantity —1_ _ y; =1 is positive, zero or negative according as the point (X, y,) lies within. upon

or without the curve. Ll)"wwl
= (>0 Instde

oo 15 Y />, ///

S&o I Q
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LINEANDAHYPERBOLA: 2 g
'Ihesttmghthney mx+clsasecant,atangentorpass&sout31dethehypabola _+b_ =1 according




(b)

(©

@

44 SAFALTA com

) ] T:,O QIQ) -.BLO\SU_Q b-*ﬂ%j_' An Initiative by JFRIS
TANGENTS:
o2 i
Equation of the tangent to the hypelbola ——Z_=]atthepoint (X,.y,)1 -—L=1
a’ b’ — i

Note: In general two tangents can be drawn from an external point (X, y,) to the hypelbola and they are

y-y, =m(x-X,) &y -y, = my(x - X,). where m; & m, are roots of the equation
(x,>—a?)m’-2x,y;m+y,>+b?=0.If D <0, then no tangent can be drawn from (x, y,) to the hyperbola.

g 3 N
Equation of the tangent to the hyperbola > t))’—, — 1 atthe point (asec 6, btan 8) is > A tin B4 d
a i a
oL . 6,+6,
cos c sin— 5
Note : Point of intersection of the tangents at 6, & 6,i1sx=a 2 gl
1 ../ 0 + 9, . 91 + 92

i
Note that there are two parallel tangents having the same slope m. % C _)

Equation of a chord joining o & B is

//—?cosa_ﬁ—zshla+ﬁzcosa+ﬁ
a 2 b 2 2
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NORMALS: 7 2
(a) The equation of the normal to the hyperbola —z—y—2=1 at the point P(x,. y,) on it is
2 Nl a” b

ax, v
gui) 8% Y bz—azej ’_é\
X, ) s

2
() The equatlon of the normal at the point P (a sec6. b tan6) on the hyperbola x—z—Z—z =1 48
a
I S L

secO tan6

9
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DIRECTOR CIRCLE :
The locus of the intersection of tangents which are at right angles 1s known as the DIREcTOR CIRCLE of
the hyperbola. The equation to the director circle 1s :

x2+y2=a2-b2
Ifb?<a? this circle is real; ifb?=a? the radius of the circle is zero & it reduces to a point circle at the origin.
In this case the centre is the only point from which the tangents at right angles can be drawn to the curve.
If b2 > a2, the radius of the circle is imaginary. so that there is no such circle & so no tangents at right
angle can be drawn to the curve.

; 8 ; & i 5
i /I"‘:g__ ;\ ?-(-—L“_.‘(_A__ =|
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RECTANGULAR HYPERBOLA : 4l
Rectangular hyperbola referred to its asymptotes as axis of coordinates. ' 07 {+o oy 3
(a)  Equation is‘xy = cf Bzvith parametric representation x = ct, y = ¢/t.t € R — {0}. Asywghet & oFinfiril
* ——
(b) Equation of a chord joining the points P (t,) & Q(t,) isx +t,t,y =c(t, +1,) with slope m = —%
A 12
, 1=  x y " o
() Equation of the tangent at P (x'y,)is —+—=2 &atP(t)is —+ty=2c. ¥
= xl yl t l&-‘-_h :
[
’ c
f  y—— =t3(x—
(d) Equation o nornfl/al y - (x—ct) sclind

(e) Chord with a given middlepoint as (h. k) is kx +hy=2hk.

— TS Regtrgls- Wsp
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RECTANGULARHYPERBOLA: oo X Sty
Rectangular hyperbola referred to its asymptotes as axis of coordinates. Ve O N
Equation is xy = ¢2 with parametric representation X =ct. y=c/t.t € R— {0}. Z,L-eawz
24 -3 \l"" |

Equation of a chord joining the points P (t,) & Q(t,) isx +t,t,y =c(t, +t,) with slopem = g
12

Equation of the tangent at P (x,°y,) is 2o &at P(t)1s %+ ty=2c.
45 %4

Equation of normal : y—% =t3(x—ct)
Chord with a given middle point as (h. k) is kx +hy=2hk. j

pCl ,'z)




